ABSTRACT. In this article, we consider a one-dimensional Timoshenko system subject to different types of dissipation (linear and nonlinear dampings). Based on a combination between the finite element and the finite difference methods, we design a discretization scheme for the different Timoshenko systems under consideration. We first come up with a numerical scheme to the free-undamped Timoshenko system. Then, we adapt this numerical scheme to the corresponding linear and nonlinear damped systems. Interestingly, this scheme reaches to reproduce the most important properties of the discrete energy. Namely, we show for the discrete energy the positivity, the energy conservation property and the different decay rate profiles. We numerically reproduce the known analytical results established on the decay rate of the energy associated with each type of dissipation.
INTRODUCTION
Since the pioneer work of Timoshenko [25] it is now well-known that, in the general theory of structure's study, the Timoshenko system is a good approximation of beam transverse vibrations. More precisely, these movements can be modeled by a set of two coupled wave equations of the form:
(1.1) ρϕ tt − K(ϕ x + ψ) x = 0, (x, t) ∈ (0, L) × R + , I ρ ψ tt − (EIψ x ) x + K(ϕ x + ψ) = 0, (x, t) ∈ (0, L) × R + , where t is the time, x is the position coordinate along the beam, ϕ(t, x) is the transverse displacement of the beam around an equilibrium state, and ψ(x, t) is the rotation angle of the filament of the beam. The coefficients ρ, I ρ , E, I, and K are, respectively, the density, the polar moment of inertia across a section, the elasticity Young modulus, the moment of inertia across a section and the shear modulus.
In the last decades, the study of Timoshenko systems have been attracting the attention of many researchers and the question of the introduction of damping terms and their influence on the behavior of the solution of (1.1) are of great interest both for mathematicians and engineers. Hence, the stabilization of the damped system related to (1.1) is one of the main objective of several studies. In this direction, the present article aims to give some light on the numerical study of the relationship between stabilization and optimality completing thus the theoretical part carried out in [6] .
First, we recall that the exponential stability is known for Timoshenko systems on bounded domains when the two linear damping terms ϕ t and ψ t are considered in the left-hand sides of the first and second equations of (1.1), respectively (see e.g. [20] ). In [12] , the authors * considered the one-dimensional system with a linear damping term as follows:
(1.2) ρ 1 ϕ tt − k(ϕ x + ψ) x = 0, (x, t) ∈ (0, L) × R + , ρ 2 ψ tt − bψ xx + k(ϕ x + ψ) + dψ t = 0, (x, t) ∈ (0, L) × R + , and they proved that the solution of the system (2.1) is exponentially stable if and only if the wave speeds are equal (
). Such a result has been the common point in several works with different types of dissipation [11, 12, 16, 17, 19] .
Second, for the nonlinear damped Timoshenko system having a damping term with no growth assumption at the origin, Alabau-Boussouira [2] established a general semi-explicit formula for the decay rate of the energy at infinity in the case of equal speeds of propagation, and she proved a polynomial decay in the case of different speeds of propagation for both linear and nonlinear globally Lipschitz feedbacks. Later, in [1] , Alabau-Boussouira also established a strong lower energy estimate for the strong solutions of nonlinearly damped Timoshenko beams and, as an extension of this result, for the nonlinearly damped Timoshenko system with thermoelasticity (see [6] ). From the numerical point of view, the authors in [4] used a fourth-order finite difference scheme to compute the numerical solutions of the Timoshenko system with thermoelasticity with second sound (coupled with the Cattaneo Law and giving rise to a system with four equations). To this end, the authors in [4] adapted the method used in [21] and obtained the decay rate of the discrete solutions.
Recently more attention was given to the numerical study of the Timoshenko systems (see e.g. [21] ). The present article is mainly concerned with the numerical decay rate of the discrete energy associated with the solution of the Timoshenko system that we will set subsequently. We start our study by introducing a spatial discretization using a classical finite element method based on Galerkin approximation. Then, we continue to design a discretization scheme using the finite difference method for the time derivative terms and thus we prove the energy decay rates for the discrete energy which will be, as we will see later, in a good agreement with the results obtained in the the theoretical context.
Related to the objective of this paper, and to the best of our knowledge, there are few results in the literature concerning the numerical study of one-dimensional Timoshenko systems. We give here a quick overview of the available results in this direction. In [3] , aiming to analyze the energy properties of some linearly elastic constant coefficient Timoshenko systems, the author presents a parameterized family of finite-difference schemes and the emphasis was on the shear deformation and the rotatory inertia. The proof in [3] relies on discrete multiplier techniques. Also, in [22] , the numerical exponential decay rate of the energy of a dissipative Bresse system was obtained using a finite difference method. Nevertheless, it is well known that the Bresse systems are somehow a generalization of the Timoshenko beam equations. For further details about the subject the reader may consult e.g. [5, 7, 15, 18, 23] and the references therein.
The remainder of the paper is organized as follows. In section 2 we introduce the numerical scheme using a finite element discretization in space that we apply to the Timoshenko equations taking advantage of the Galerkin approximation method. Next, we employ to the time derivative terms a finite difference discretization method. We then establish the energy conservation property for the discrete solution of the Timoshenko beam model. In Section 3 we prove the exponential stability in the presence of a linear damping and the polynomial stability in the case of a nonlinear damping. Finally, in Section 4, we discuss the numerical aspect of the energy and we conclude our work.
ENERGY CONSERVATION PROPERTY OF THE TIMOSHENKO EQUATIONS
In this section, we present a numerical method related to the solution of the vibrating Timoshenko beam equations that are given by (2.1)
and for which we associate the following initial conditions:
together with the Dirichlet boundary conditions as below
The energy associated with the solution U :
In what follows we will simply use E(t) instead of E(U, t) to make the presentation simpler. Now, taking into account the boundary conditions (2.3), we obtain
which states the conservation of the energy and this can be expressed as follows:
This energy conservation property implies that the Timoshenko equations are purely conservative. Therefore, it is important to show that the numerical solution of the Timoshenko equations consistently preserves the property (2.6) as well, that is the discrete energy will obey the energy conservation property.
2.1. Semi-discrete finite element scheme. In order to obtain the discrete energy, we first consider a numerical scheme using finite element methods and we reproduce numerically the analytical results established for the Timoshenko system (1.2) in the case where ρ 1 = ρ 2 = 1 and b = k = 1, that is the speed waves are equal.
For instance we consider the following undamped Timoshenko problem (i.e. (1.2) with d = 0),
Then, we set u = ϕ t , v = ψ t and we rewrite the system (2.7) as follows:
and as before we associate with (2.8)-(2.9) the Dirichlet boundary conditions (2.3). The variational form is required to approximate solutions with the finite element methods. We multiply the equations (2.8) and (2.9) with arbitrary test functions u and v, respectively, and we use the following notation for convenience,
Integrating over the interval (0, L) and using an integration by parts, we find (2.10)
Two sets of test functions are required to incorporate the boundary conditions into (2.10)-(2.11):
By adding equations (2.10) and (2.11) we end up with the variational form of the problem which can be formulated, in the product space H 1 (0, 1) × H 1 (0, 1), as follows. Find u, v such that for all t > 0, u ∈ H 1 (0, 1) and v ∈ H 1 (0, 1), we have
Let N x ∈ N and h = 1/(N x +1) such that the mesh
. Now, to obtain the Galerkin approximation of the variational problem (2.12), let us consider a finite dimensional set of functions {w 1 , . . . , w Nx }, where (w i ) i=1,...,Nx are the linear hatfunctions with the property that w i (x) is a piecewise-linear function with w i (x j ) = δ i,j and δ i,j is the Kronecker delta function. Namely, we have
. Now, we formulate the semi-discrete problem as follows: Find the functions u h , v h , ϕ h and ψ h such that
The discrete boundary conditions read
and
we have the following matrix formulation for the semi-discrete problem:
where M i,j = (w i , w j ) is the mass matrix, K i,j = (w i , w j ) is the rigidity matrix and S is the matrix defined by S i,j = (w i , w j ). Note that S is not symmetric.
2.2.
Fully-discrete scheme in Finite Differences. We design an explicit unconditionally stable scheme using finite differences and we consider the classical method of advancing the solution in time known as the leapfrog scheme. For the sake of completeness, we recall here the definition of this method. 
The continuous time domain (0, T ) is replaced by a sequence of discrete moments {0, ∆t, 2∆t, . . . , n∆t, . . .}. The solution at these moments is denoted by U n = U (n∆t). If this solution is known up to time t = n∆t, then the right-hand side of (2.14), F n = F (U n ), can be computed. The time derivative is approximated by a centered difference derivative is approximated by a centered difference
Thus, the forecast value U n+1 may be computed from the old value U n−1 and the tendency F n :
Remark 1. For n = 0, the equation (2.15) gives
then, the initial condition U 1 cannot be obtained using the leapfrog scheme, so normally a simple non-centered step
is used to provide the value at t = ∆t.
For that purpose we introduce a time step ∆t > 0 and we set t n = n∆t. Then, we introduce U n = U (n∆t) the discrete solution of the semi-discrete equations (2.13). Our aim consists in finding the discrete solutions (Φ n , U n , Ψ n , V n ) which satisfy the following leapfrog scheme:
The initial conditions are simply obtained as follows:
Finally, we rewrite (2.16)-(2.17) as follows: 
Remark 2. We notice here that the conservation or the dissipation of the discrete energy, as we will see later on in this article, gives a good indication on the stability of the proposed fullydiscrete scheme for the one-dimensional Timoshenko system under consideration. A rigorous convergence result for this scheme together with the stability and consistency will be studied in [8] .
The proof of the convergence results will be based, in part, on a similar proof by Cowsar et al. [9] for a mixed method approximation applied to the wave equation.
Numerical tests.
In order to show the behavior of the numerical solution, we start by choosing the appropriate initial conditions which satisfy the Dirichlet boundary conditions (1.2) and constitute a paired solution of the undamped Timoshenko system (2.7). More precisely, we set
see Fig. 1 for the behavior of the initial data and Fig. 2 for the variation of the Timoshenko solution in space and time up to time T = 10. Comment 1. The numerical behavior of the solution of (2.7), for N x = 50, L = 2, T = 10, h = 0.04 and ∆t = c * h where c is a positive constant, is obtained in Fig. 2 . We note that the study of the undamped case is just a first step in our numerical approach but it will allow us to reach later on the understanding of the damped case. Thus, it would be interesting, besides the importance of the intrinsic study of the free wave equation, to compare and show the difference between the undamped case and the damped one.
As we know, the behavior of the solution influences the properties of the total energy E(t) of the system, and from the figures above we can see that the discrete Timoshenko system is * purely conservative. This observation is substantiated by the next result as in Proposition 2.1 below.
Using the numerical scheme as previously described, we present in the following proposition the first property related to the discrete energy of the system (2.8)-(2.9). Proposition 2.1. (Conservation property of the discrete energy) Let h > 0 , ∆t > 0 and (Φ n , U n , Ψ n , V n ) be the solution of the finite difference scheme (2.16)-(2.17) associated with initial conditions (2.18)-(2.19) . Then, for all n ∈ {0, . . . , N t }, the discrete energy, defined by
M , ∀ n = {0, · · · , N t}, satisfies the following conservation property:
here . M denotes the norm u 2 M = (M u, u). Proof. To prove (2.22) we use the energy method in the following manner. We multiply (2.16) 1,2 by the discrete multipliers (
Second, we multiply the equations (2.17) 1,2 by K(Φ n+1 + Φ n−1 ), K(Ψ n+1 + Ψ n−1 ), respectively, we obtain (2.25)
Now, summing the equations (2.23),(2.24), (2.25) and (2.26) and by taking the sum over l = {0, · · · , n}, we observe that 
FIGURE 3. The undamped case: the conservative property of the discrete energy E n (defined by (2.21)).
(2.29)
where, ε(∆t) → 0 when ∆t → 0.
Taking in to account the equalities (2.17) (2.28) and (2.29), we deduce that the equality (2.27) is vanish for any n ∈ {0, ..., N t}. On the other hand, using (2.17)
Using (2.17), the expressions of Ψ n+1 and Φ n+1 can be written as follows:
and consequently we have
Using the expression of the discrete energy (2.21), we obtain the conservation result (2.21). This ends the proof of Proposition 2.1.
Comment 2.
We observe that the energy difference E n − E n−1 is equal to zero at almost every time t n . However, it is obvious that Fig. 3 presents a peak of 5.10 −5 , but this peak does not have any impact on the conservation result of energy since it is a digital zero due to the computational error. In conclusion, Figure 3 shows the conservative character of the discrete energy E n which is in agreement with the theoretical results. *
EXPONENTIAL DECAY RATE OF THE DISCRETE ENERGY
It is well-known that the energy associated with the system (2.1) can not be, in general, exponentially stable in case where we consider one damping term of the form ψ t in the second equation of (2.1); see [24] . This exponential stability is only obtained in the case of equalwave speeds
. In this section, we will confirm numerically this theoretical result. More precisely, we will prove that the damped Timoshenko system with a linear damping term considered in one equation stumbles the exponential stability. Let us consider the following linearly damped Timoshenko system:
where µ represents the damping coefficient.
First, we will design a numerical simulation with finite element methods taking advantage of the discrete formulation carried out for the undamped case (2.1).
As we did for the undamped system (2.1), we present here a matrix formulation for the semi-discrete linearly damped problem corresponding to (3.1) which reads as follows:
Second, we consider the finite difference scheme applied to (3.2) and we end up with the following formulation.
Using the same arguments as in the previous section, we have the following result about the variation of the discrete energy (2.21).
Theorem 3.1. Let ∆t > 0. Then, the discrete energy E n+1 , associated with the solutions of the discrete equations (3.3) with the initial conditions (2.18)-(2.19) and the boundary conditions (2.3) and defined by (2.21), verifies
Consequently, we obtain the energy dissipation law which reads as follows:
Proof. Similarly to the continuous case, we use the techniques of multipliers at a discrete level given by (U n+1 + U n−1 ), (V n+1 + V n−1 ), K(Φ n+1 + Φ n−1 ) and K(Ψ n+1 + Ψ n−1 ) and we organize the results in order to obtain the difference E n+1 − E n as follows:
Now, we use the discrete energy expression (2.21), we take the sum over l = 0, . . . , n, and we use the initial conditions (2.19) and the boundary conditions (2.3), we deduce that
and hence
Then (3.5) is straightforward. This ends the proof of Theorem 3.1.
Here, we show the numerical experiments related to the linearly damped Timoshenko system (3.1). We consider for this system the same speeds of wave propagation and we obtain the variation of the discrete energy characterized by the exponential decay rate in terms of time; see Fig. 4 . FIGURE 4. The damped case: the discrete energy of (3.1) expressed as a function of t n with two different initial data.
In Fig. 4 , the following initial data are taken ϕ 0 (x) = sin(N πx/L) and ψ 0 (x) = cos(N πx/L).
We also consider the following values for the constants L, T , h c, N x and N t:
. Exponential decay rate of the discrete energy.
Comment 4.
The energy E n decays like an exponential function exp(−µt n ) for µ > 0, in the full damping case the discrete counterpart of the Timoshenko system is exponentially stable. Fig. 5 presents the graph of log(E n ) as a function of t n which is in good agreement with the theoretical result. More precisely, we have
POLYNOMIAL DECAY RATE OF THE DISCRETE ENERGY
4.1. Nonlinear damping of type "|s|s".
In this section, we deal with the following nonlinear damped Timoshenko system
The description of the behavior of the energy corresponding to the solution of the system (4.1) is the goal of a great number of researchers. In [4] , the authors consider a nonlinear vibrating Timoshenko system with thermoelasticity with second sound and used a fourth-order finite difference scheme to compute the numerical solutions. Let us also recall that the question of stability is strongly depending on the choice of the types of dissipation under consideration.
In our case we first assume that g(ψ t ) = |ψ t |ψ t , then in the second part of this section we will assume that g(ψ t ) is given by exp( −1 (ψt) 2 ). In order to obtain the space discretization of the system (4.1), we use the Galerkin approximation as in the previous section. So we first introduce the following new solutions:
Then, the system (4.1) can be rewritten as follows:
where the term "|V |V " reads
The system (4.3) can be written now as : find (Φ, U, Ψ, V ) such that (4.5)
Now, we approximate V n by 1 2 (V n+1 + V n−1 ), then the finite differences scheme yields the following problem.
and (4.7)
Theorem 4.1. Let ∆t > 0. Then, the energy E n+1 , defined by (2.21) and associated with the solutions of the discrete equations (4.13)-(4.14) with the initial conditions (2.18)- (2.19) and the boundary conditions (2.3), satisfies the following conservation property:
Moreover, we have the discrete energy dissipation law,
Proof. We multiply the equations (4.13) 1,2 by (U n+1 +U n−1 ) and (V n+1 +V n−1 ), respectively, and we obtain
,
We multiply the equations (4.14) 1,2 by K(Φ n+1 +Φ n−1 ) and K(Ψ n+1 −Ψ n−1 ), respectively, then we have
Taking the sum over l = 0, . . . , n and using the expression of the energy (2.21) and (2.31) we deduce the estimate (4.8). This completes the proof of Theorem 4.1.
The aim now is to show the behavior of the discrete energy in terms of the discrete time variation. For that purpose, we write the system (4.1)-(4.2) in a matrix form. Then, we perform the numerical simulation of the discrete energy. The numerical results are exposed in Fig. 6 . FIGURE 6. The behavior of the discrete energy E n in terms of the time step t n . Fig. 6 shows that the decay of the discrete energy is in this case slower than the one obtained with a linear damping (see Fig. 2 ) and here the lack of the exponential decay can be clearly identified. Instead of the exponential decay, a typical polynomial profile for large time is in accordance with the analytical results established in the literature. Moreover, we express the behavior of log(E n ) as a function of log(t n ) as in the following numerical approximations. FIGURE 7. Polynomial decay rate of the discrete energy associated with the system (4.1): log(E n ) in terms of log(t n ).
Comment 5 Based on the results obtained in Fig. 7 and using the constant values as in (3.8), we can write log(E n ) = a 1 log(t n ) + b 1 , with b 1 = 1.61 and a 1 = −434.78. Thanks to our numerical study we deduce an approximate value of the polynomial degree of the decay rate related to the discrete energy.
Nonlinear damping of the form
In this subsection we consider the Timoshenko system subject to a nonlinear damping term which reads as follows:
This example is one of others that has been taken to illustrate the optimal energy decay rate. More precisely, for this feedback, lower and upper energy estimates have been obtained, see [1] and [14] . Here, the aim is to present some numerical results completing thus the theoretical results already established.
For the discrete scheme, we will perform the same computations as previously done for the free wave equations. the only difference here is the nonlinear term that we discretize with finite element method as follows. First, we have
Then, the nonlinear damping term is expressed as
Therefore, the semi-discrete formulation reduces to looking for (Φ, U, Ψ, V ) solution of (4.12)
where, g(Ψ) = (g(ψ 0 ), g(ψ 1 ), . . . , g(ψ Nx )) is a vector such that g(ψ 0 ) = g(ψ Nx ) = 0 due to the consideration of the homogeneous Dirichlet boundary conditions. After using the classical finite difference method for the discretization of the time derivative terms, we end up with the discrete form associated with the system (4.11) together with the boundary conditions (2.3) and the initial conditions (2.2) which thus consists to find (Φ n , U n , Ψ n , V n ) such that (4.13)
14)
where g(Ψ n ) = (g(ψ 0 (t n ), g(ψ 1 (t n ), . . . , g(ψ Nx (t n )), for n = 0, . . . , N t . For this type of nonlinear damping, the conclusion of the numerical study related to the discrete energy in this case is presented in Fig. 8.   FIGURE 8 . Logarithmic decay rate of the discrete energy: log(E n ) as linear function of log(log(t n )).
Comment 6. Figure 8 shows a logarithmic decay of the energy where we clearly obtained log(E n ) = a 2 log(log(t n )) + b 2 , with b 2 = 1.10 and a 2 = −50. Otherwise, the energy here has a logarithmic decay, namely E n e b 2 (log(t n )) a 2 .
CONCLUSIONS AND FUTURE WORK
In this work, we have addressed an important problem in mathematical analysis of beam, namely the problem of determining the decay rate of the discrete energy by taking into account a few dissipative mechanisms. As we already know, Timoshenko system (2.1) has two wave speeds and we have proved numerically that is sufficient to consider only one dissipation mechanism in order to obtain the exponential decay, for the case where the speeds are equal. Nevertheless, other dissipative cases have been considered in this article, we look for the behavior of the energy when the system is nonlinearly damped and we deduce an explicit (polynomial and logarithmic) decay rate of the discrete energy. One of the interesting futures of this work is the obtaining of the approximate values of the constants (coefficients and monomial degrees) of the decay rate function in time of the discrete energy associated with the Timoshenko systems (2.1), (3.1) and (4.1) in an explicit manner.
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